The collection and emission of electrons from a spherical body in the Space-Charge Limited (SCL) regime are investigated. When a Virtual Cathode (VC) in the potential profile around the body is present, the barrier in the effective potential energy of electrons is assumed to be located near the position of the minimum of the VC potential, for both collected and emitted electrons. This assumption is confirmed to be reasonable in the case of a double Yukawa potential profile and allows the SCL cross-section for electron collection and the emitted electron's trapped-passing boundary to be written in a simple way. An expression for the collection current for Maxwellian electrons is derived and is shown to recover the classical Orbital Motion Limited (OML) theory when the VC vanishes. Using the same assumptions, an expression for the thermionic emission current in the SCL regime is also obtained and comparisons with the OML þ theory are made. Finally, an expression for the dust electric charge in the SCL regime is derived and shown to give drastically different results when compared to the commonly used formula (obtained from a Yukawa potential profile). Consequences in the framework of dust in tokamak plasmas are discussed. Published by AIP Publishing. https://doi
I. INTRODUCTION
Dust grains have been observed in tokamaks for several decades. They are created through various processes in connection with plasma-wall interactions and will be a critical issue for future fusion devices such as ITER. 1 In addition, the large amounts of impurities released by a dust grain subjected to a high erosion rate can lead to a reduced plasma performance by means of radiative losses. Impurities can also trigger plasma instabilities up to disruption.
When a small body, such as a dust grain or a probe is immersed in a plasma, it collects and emits charged particles. Due to higher electron mobility, the surface potential is usually negative and the body is negatively charged. This is true as long as the electron emission remains low. The two main electron emission processes relevant for dust in tokamak plasmas are secondary electron emission and thermionic emission (THE), 2 the latter being the most important at high dust surface temperature. If the electron emission yield is high enough, a potential well, or virtual cathode (VC), forms in the sheath around it. In this so-called Space-Charge Limited (SCL) regime, the surface potential is increased and the body can become positively charged. [3] [4] [5] The presence of a VC is not taken into account by the Orbital Motion Limited (OML) theory, [6] [7] [8] which is commonly used to model dust/plasma interactions. [9] [10] [11] [12] [13] The VC acts as a potential barrier for electrons, repelling the low-energy tail of their energy distribution function and thereby reducing both collected and emitted electron fluxes. The depth of the VC is of the order of the energy of the emitted electrons, which is equal to the dust surface temperature T d [in the case of Tungsten (W), T d $ 0:01 À 0:5 eV] if THE is the dominant emission process. Typical tokamak ScrapeOff Layer (SOL) plasma electrons usually have a higher temperature (T e տ T d ), meaning that the VC is expected to have a more important effect on emitted electrons than on primaries. The electron flux reduction affects the dust floating potential, electric charge, heating (therefore, lifetime), and transport in the vacuum vessel. Thus, it is crucial to assess electron collection and emission in the SCL regime.
Electron collection and emission by an electron emitting surface have been extensively studied, 4, [14] [15] [16] [17] especially in the case of emissive probes. 18 Yet, the emitting surface is usually assumed to be planar, which might be acceptable for millimeter probes in cold plasmas, but not in the case of dust grains where the orbital motion of charged particles plays a crucial role. Another model by Fruchtman et al. accounts for the probe curvature but considers cold ions and emitted electrons. 19 In the case of dust grains, the electron emission reduction in the presence of a VC has been studied in the socalled OML þ theory. 20, 21 An expression for the THE current is proposed and shows good agreement with Particle In Cell (PIC) simulations. It differs from the classical OML expression when the dust surface potential / d exceeds a critical value / Ã d . In order to use the OML þ , it is required to solve a priori the Poisson equation for various dust sizes and temperatures in order to obtain tables of / Ã d that can be interpolated at each time step in a dust transport code. [9] [10] [11] [12] [13] It also presents the limitation of considering the reduction of the emitted electron flux only, while the primary electron current is also expected to be significantly reduced in plasmas where the background temperature is of the order of the dust temperature. It was also recently demonstrated that an inverse sheath structure can appear near planar surfaces with electron emission yields exceeding unity and when collisions are important. [22] [23] [24] Again, orbital motion effects are not taken into account. Moreover, since a dust grain potential satisfies the floating condition, its electron emission yield remains below unity.
The dust electric charge is usually calculated using a formula obtained by assuming a monotonic Yukawa potential profile around the spherical body. 25 As pointed out in Ref. 20 , this expression is no longer valid in the SCL regime, when the body is positively charged regardless of the sign of the surface potential. Thus, a new expression for the dust charge in the SCL regime must be found.
In this paper, we propose new expressions for the electron collection and emission currents by a spherical body in the SCL regime. We focus on the case where collisions in the sheath can be neglected to avoid inverse sheath effects. This paper is organized as follows: In Sec. II, the electron collection cross-section is determined and the expression for the current is derived. In Sec. III, an expression for the THE current is proposed and compared with well-known OML and OML þ results. In Sec. IV, different methods for estimating the location and depth of the VC available in the literature are discussed. In Sec. V, an expression for the dust electric charge in the SCL regime is proposed.
II. ELECTRON COLLECTION IN THE SPACE-CHARGE LIMITED REGIME
A. Determination of the cross-section for collection
In the vicinity of an electrically charged spherical body, another charged particle is subjected to several interactions, primarily electromagnetic forces and collisions with other plasma particles. It is commonly assumed that the particle evolves in a central force field, meaning that the electric force is dominant. In other words, we assume that the trajectory of the particle in the sheath around the body is collisionless, and magnetic field effects are neglected. Thus, the results presented herein hold for r d ( k e;i ; q Le;i , where r d is the radius of the body, k e;i is the electron (ion) mean free path, and q Le;i is the electron (ion) Larmor radius. The term "charged particle" can refer to both electrons and ions.
It follows from the conservation of the total energy and angular momentum that the behavior of the charged particle in a central force field is determined by the effective potential energy (normalized to the initial kinetic energy)
where q, r, m, and v are the particle impact parameter, radial position, mass, and velocity at infinity, respectively.
26,27
UðrÞ ¼ ze/ðrÞ is the potential energy, where z is the particle charge number, e is the elementary charge, and / is the electric potential. The particle motion is restricted to the area where U eff ðq; rÞ 1. Figure 1 shows a schematic view of the problem. Our goal is to find the critical impact parameter q c ðvÞ above which a particle of velocity v cannot be collected by the body. The impact parameter q c is found by solving U eff ðq; r d Þ ¼ 1. Then, the cross-section for collection will be defined by r ¼ pq 2 c . In general, the problem is complicated because the equation U eff ¼ 1 can have several solutions when the particle is attracted to the body. The OML theory makes the assumption that there are no barriers in U eff and that / is monotonic. In this case, the equation U eff ðq; r d Þ ¼ 1 (which is equivalent to writing the conservation of energy and angular momentum between the sheath entrance and the body surface) has a unique solution corresponding to the OML critical impact parameter q OML c . It can be easily determined from the dust radius r d and potential
Note that the second line in Eq. (2) should be taken into account only when z and / d are of the same sign. In this case, the body repels the charged particle (because / is monotonic) and there exists a critical kinetic energy below which the body cannot be reached. It has been demonstrated (in the case of a Yukawa potential) that the OML assumptions are justified when the condition r d ( k D holds (k D is the Debye length). 27 In the SCL regime, the non-monotonicity of / may induce the emergence of barriers in U eff for incoming particles, which makes the situation significantly more complex. Barriers in U eff is a well-known problem that has FIG. 1. Schematic view of the parameters required to describe the behavior of a charged particle in the central force field generated by a spherical body (dust grain). At a given radial position r, the particle can be either attracted or repelled depending on the sign of z/ 0 ðrÞ.
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Phys. Plasmas 25, 063701 (2018) been extensively studied in the case of incoming ions in monotonic potential profiles under the name of the absorption radius effect. 7, 26, [28] [29] [30] In the case of a non-monotonic potential profile, barriers are expected to emerge for both electrons and positive ions. Figure 2 shows profiles of U eff for electrons computed with a double Yukawa potential [see Eq. (5)].
The largest solution to the equation U eff ðq; rÞ ¼ 1 corresponds to the actual critical impact parameter. Barriers, located at r M (which depends on the particle velocity v), are found by solving U eff ¼ 1 and dU eff =dr ¼ 0, which is equivalent to
where q Ã is named the transitional impact parameter and is defined by
It is obvious that knowledge of the full potential profile is required to find the barrier. In the following, we study the special case of a double Yukawa profile:
where / 0 , k, and n are parameters. 31 It was shown that this expression can fit accurately results from the exact Orbital Motion (OM) theory. 32 Note that k is the characteristic screening length of the second term in Eq. (5), which is the one that decays the slowest (since we use n > 1). Hence, k should correspond to the plasma Debye length. Two examples of double Yukawa profiles are plotted in Fig. 3 for k ¼ 2r d ; n ¼ 2; e/ d =T e ¼ À1; e/ 0 =T e ¼ 10 (a) and e/ d =T e ¼ 0:5; e/ 0 =T e ¼ 5 (b). In the following, T designates the temperature of the plasma species, with a subscript e (i) for electrons (ions) when required.
The position of the barrier, r M , is found by solving Eq. (3), which is equivalent to (after some straightforward algebra) solving the transcendental equation
On the other hand, the location of the minimum of / (due to the VC), named r min , is found by solving / 0 ðr min Þ ¼ 0, i.e.,
A fundamental difference between r M and r min is that the latter is a constant defined by the potential profile, while the first depends on the velocity of the charged particle v. The important assumption we bring here is that, in the case of electrons (z ¼ -1), we can approximate the location of the barrier in the effective potential energy by the VC itself, i.e., r M % r min . If verified, the currents can be calculated for the known location and depth of the VC. The exact values of r M for electrons were calculated for various shapes of the double Yukawa profile, varying / d ; / 0 , k, and n. The two extreme cases, corresponding to the largest deviation between r M and r min , are plotted in Fig. 4 .
For all the cases tested, the ratio r M =r min remains in the range of 0:5 À 3. Keeping in mind that electrons are Maxwellian distributed, the most probable velocity will be v th ffiffi ffi 2 p (v th ¼ ffiffiffiffiffiffiffiffiffi T=m p is the thermal velocity), where r M =r min is very close to unity. Thus, we conclude that this approximation is reasonable.
We now define the so-called VC impact parameter q VC in the same way as q Ã but replacing r M with r min , i.e.,
where / min ¼ /ðr min Þ. . When a barrier exists in U eff , particles with qðvÞ ! q Ã ðvÞ cannot be collected, so the critical impact parameter for collection departs from the OML one and saturates at q Ã ðvÞ when q 5), is used, with e/ d =T e ¼ À1; e/ 0 =T e ¼ 10; k=r d ¼ 2 and n ¼ 2.
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Since q Ã and q VC are actually close [see Figs. 3(c) and 3(d)], we can approximate q c in the SCL regime by substituting q Ã by q VC in Eq. (9). We find
where
and v ¼ ðr d =r min Þ 2 . Again, the last lines in Eqs. (9) and (10) should be taken into account only when z and /ðr M Þ (or / min ) are of the same sign (i.e., for ions). This impact parameter can be understood as follows: (i) if v v c , the incoming electron does not have a sufficient kinetic energy to overcome the VC and cannot be collected; (ii) if v c < v v m , a barrier in the effective potential energy exists but particles have a sufficiently high kinetic energy to pass the VC and are collected; (iii) if v > v m , particles have such a high kinetic energy that they do not see the VC and the critical impact parameter is identical to the OML one.
We note that when / min ! / d ; v m ! v c , which leads to the disappearance of the second line in Eq. (10) . In this case, we recover the classic OML impact parameter.
The final cross-section for collection is r ¼ pq In all calculations performed in the case of ions using the double Yukawa profile, we found the barrier to be located inside the grain, r M < r d , meaning that the exact cross-section for collection is equal to r OML with Eq. (2). In this case, the ion current collected by the dust grain is given 6) to the location of the VC from Eq. (7) against the particle velocity v. r M =r min remains in the range 0:5 À 3. We used e/ d =T e ¼ À1.
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Phys. Plasmas 25, 063701 (2018) by the well-known OML expression. In the following, we will focus on electrons and approximate the exact critical impact parameter q c with q SCL c since the VC is easier to compute than the barrier in the effective potential.
B. Electron collection current
The electron current density is obtained by integrating the collection cross-section with the velocity distribution function f e of the species
where n e is the background electron density. When substituting r ¼ pq
in Eq. (12) and normalizing to the random current
, we obtain, using the change of
and
After integration, we obtain the final expression for the electron current in the SCL regime
whereũ
This expression is also valid when the VC vanishes, in which case the OML expression is recovered. Indeed, the disappearance of the VC is obtained by r min ¼ r d and / min ¼ / d if / d 0, and by r min ! 1 and
Moreover, this more general expression allows us to extend the validity domain of the theory to larger collectors, since the assumption r d ( k D made in the OML that ensures the negligible role of barriers in U eff can be dropped.
However, the collisionless and unmagnetized plasma assumptions still require r d ( k e;i ; q Le;i . Hence, the maximum body size that can be used depends on the plasma background temperature, density, and the magnetic field (if present).
III. THERMIONIC EMISSION IN THE SPACE-CHARGE LIMITED REGIME
A. Generalities on thermionic emission from a spherical dust grain When heated up to high temperatures, dust grains and emissive probes 18 emit electrons through the THE effect. The THE current density from an uncharged body is given by the Richardson-Dushman formula
where T d is the body surface temperature, h is the Planck constant, and W f is the material work function. In the OML framework, the sheath potential profile is assumed to be monotonic. In this case, the current is given by Eq. (19) when / d 0, since all emitted electrons are repelled from the body and escape the sheath. When / d > 0, part of the emitted electrons (corresponding to the low energy tail of their distribution function) is attracted back, forming a return current that effectively reduces electron emission. Electrons that manage to escape the sheath are named passing electrons, while those that return to the body are named trapped. The THE current accounting for the potential drop is obtained by integrating the velocity distribution function of THE electrons, named f th , over the passing electron population 
where d 2 v ¼ 2pvdv. In the following, we assume the THE electrons to follow a Maxwellian distribution associated with the temperature T d . The velocity vector distribution function is written as
This distribution ensures that Eq. (19) is recovered when integrated over the whole velocity space.
B. OML case
The distinction between trapped and passing electrons is named Trapped-Passing Boundary (TPB) and is given by the energy conservation. In the OML case (monotonic potential profile), the TPB is, when
The OML TPB is a circle shown in the velocity space in Fig. 5 , where the trapped population is located inside the dotted area.
The OML THE current J 
This integral can be calculated by switching to polar coordinates in the velocity space. We obtain the well-known expression for positively charged spherical bodies 34 
J

OML th
C. SCL case
In the SCL regime, the emitted electrons can experience potential barriers in the effective potential energy, identically to collected electrons. The TPB in the SCL regime is not easily defined. Similarly to Sec. II A and Ref. 20 , we assume that the barrier in the effective potential energy due to the presence of the VC is located at the minimum of the VC, i.e., r min . This means that the SCL TPB can be approximated by
where we introduce
In the velocity space, this contour is an ellipse elongated along the v h axis and is represented in Fig. 5 . The emission current is obtained by integrating outside of the TPB. We use the following change of variables:
After integration by parts, Eq. (20) becomes
Since the typical VC depth is of the order of the dust surface temperature, we expect u p տ 1. In this case, gðu p ; yÞ can be approximated by f ðyÞ ¼ expðÀy 2 =2ÞI 0 ðy 2 =2Þ, as can be seen in Fig. 6 . On this ground, the THE current can be expressed as 
Then, the VC position is obtained with
Another argument states that the depth of the VC is of the order of the energy of emitted electrons that is, in the case of THE, the dust temperature T d.
35 Finally, the OML þ theory allows the estimation of the dust critical potential / Ã d above which the VC appears. 20 In Figs 
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